We present a detailed analysis of the usefulness of ultracold atomic collisions for sensing the strength of an external magnetic field as well as its spatial gradient. The core idea of the sensor, which we recently proposed in K. Jachymski et al., Phys. Rev. Lett. 120, 013401 (2018), is to probe the transmission of the atoms through a set of quasi-one-dimensional waveguides that contain an impurity. Magnetic field-dependent interactions between the incoming atoms and the impurity naturally lead to narrow resonances that can act as sensitive field probes since they strongly affect the transmission. We illustrate our findings with concrete examples of experimental relevance, demonstrating that a sensitivity of the order of 1 nT for the field strength and 100 nT/mm for the gradient can be reached using our scheme.
I. INTRODUCTION
The precise detection of external fields is crucial for various technological applications as well as for basic science. For example, detecting electromagnetic and gravitational fields is of paramount importance for time keeping and frequency standards [1, 2] , mineral discovery [3] , navigation [4] , medicine [5, 6] , material engineering [7] , and climate science [8] , but also for precision measurements of fundamental constants [9] [10] [11] [12] [13] [14] , for testing general relativity [15] [16] [17] [18] or for seeking other effects foreseen by theories beyond the Standard Model [19] [20] [21] .
Improving the sensitivity of measurements can be accomplished in several ways. The most straightforward approach is to reduce the effect of noise sources with technological improvements. However, in order to reach the fundamental precision limits dictated by quantum mechanics, it is needed to optimize the initial quantum state of the system as well as the measurement process. This task is generally much harder to perform, but necessary to fully exploit the quantum nature of a sensor [22, 23] .
In the recent past, various strategies have been proposed to utilize cold atoms for quantum metrological purposes, including continuous probing of large atomic ensembles with weak optical fields [24, 25] , quantum non-demolition measurement and Kalman filtering protocols [26] [27] [28] [29] , preparation of entangled (e.g., spinsqueezed) atomic samples [30] [31] [32] [33] , Mach-Zender interferometry [34] , and fountain clocks [35] . In the former examples, the measurement of specific observables enables to infer the information about the parameter to be estimated in real time without perturbing appreciably the system state.
In this work, we extend the ideas recently presented in Ref. [36] , where we proposed to exploit cold atomic collisions for high precision magnetometry. Interestingly, compared to the previously discussed approaches, our de-tection scheme does not require either the preparation of entangled many-body states or elaborated quantum measurement protocols and, importantly, it is robust against experimental imperfections (e.g., detector efficiency and finite temperature). Here, we present the proposal in more details, extending our treatment beyond the s-wave interactions. We also show how the sensor can be used to estimate the spatial gradient of the external field and provide a detailed derivation of the precision bounds.
For the sake of clarity, let us first briefly call the working principle of the collisional sensor, which is schematically shown in Fig. 1 . We consider an ensemble of noninteracting atoms (red wave packets on the left-hand side of the upper panel). Each atom is injected into its corresponding quasi-one dimensional waveguide (blue cylinders). Such a setup can be experimentally realized by means of a deep three-dimensional (3D) optical lattice with single-site access, which is then relaxed in the longitudinal direction in a controlled way so that each atom acquires a longitudinal momentum (see, e.g. Refs. [37, 38] ). In the centre of each waveguide there is a tightly confined atom (green spheres), either of the same species or of a different one with respect to the moving atoms. The collision can lead to transmission or reflection of the incoming atoms by the impurity. Transmitted (and possibly also reflected) atoms are then detected. The sensitivity of the measurement of the magnetic field is due to a Feshbach resonance that controls the interaction strength between the atom and the impurity. It is possible to tune the parameters in such a way that the probability of reflecting the colliding atom back from the impurity strongly depends on the local value of the magnetic field. The spatial spread of the waveguides (see lower panel in Fig. 1 ) allows us to gather information about the average magnetic field strength at their positions, therefore providing information about the field gradient. . The colliding atoms (red wave packets) can be either transmitted or reflected with probability depending on the external magnetic field strength. Transmitted atoms can then be detected outside the waveguide, e.g., by ionization and charge detectors (D). Lower panel: Sketch of the section of the magnetic field sensor in the x − y plane, whereas the z axis is perpendicular to the plane and parallel to the symmetry axes of the waveguides (outwards with respect to the page). The (blue) circles indicate the waveguides of width d, whereas the full (green) circles the tightly trapped impurity atoms. The waveguides are separated from each other by a distance L.
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The paper is structured as follows: In Sec. II we describe atomic scattering in a quasi-1D waveguide in the vicinity of a Feshbach resonance. In Sec. III we discuss multiparameter estimation theory and apply it to the case of detecting the field as well as its gradient, providing experimentally relevant examples as well. Conclusions are drawn in Sec. IV.
II. ATOMIC SCATTERING IN A QUASI-1D WAVEGUIDE
The problem of cold atomic scattering in quasi-onedimensional confinement has been extensively studied in the literature [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] . Here, we only provide a brief review of the most relevant results.
Assuming that the impurity atom is pinned in space (see Supplementary Material of Ref. [36] for a discussion of this assumption), the problem can be described with the stationary Schrödinger equation for the motion of the incoming confined atom [here r ≡ (x, y, z)]:
Here, m is the mass of the atom, V tr is the transverse harmonic trapping potential V tr = 1 2 mω 2 ρ 2 [with ρ 2 = x 2 + y 2 and its characteristic length d = /mω], and U (r) is the potential resulting from the interaction with the impurity.
At large distances, the interaction vanishes and the wavefunction can be decomposed into the initial harmonic oscillator mode ψ nm in the transverse direction and even and odd plane waves in the longitudinal direction: 
Here, f (±) nm,n m are the even (+) and odd (−) onedimensional scattering amplitudes, and sgn(·) is the sign function. We note that in the general case inelastic scattering, resulting in population of modes n m , is allowed. In such a case, the longitudinal momentum of the particle acquires a mode-dependent value p , since the total energy of the incoming atom can be given as a sum of the harmonic and unconfined part
and is conserved during the collision, as the impurity is tightly trapped and cannot change its state. Note that we distinguish here the three-dimensional momentum k from the one-dimensional p.
In the following, we restrict our considerations to the lowest mode of the transverse oscillator, which should provide the best conditions for precise measurements. Extension of the calculations to higher modes is straightforward, albeit tedious. Given this, we are left with only two scattering amplitudes, which are related to the onedimensional phase shifts η ± by:
In the case of identical bosons, symmetry allows only the even scattering. However, we are interested in the case of distinguishable particles, and thus we keep the odd term for the sake of generality. The transmission coefficient, which describes the part of the flux that goes through the waveguide, can then be defined as [39] :
This expression can be conveniently rewritten in terms of the phase shift as T = cos 2 (η + + η − ).
We now need to connect the one-dimensional phase shifts to three-dimensional scattering quantities. This can be done analytically if the length scale characterizing the interaction range is much smaller than the trap width d. One can then describe the scattering by a zerorange pseudopotential [39, 40] or equivalently use frame transformation techniques [41] . In general, even partial waves = 0, 2, . . . contribute only to the even part of the one-dimensional scattering, while odd partial waves describe the odd part. Restriction to the s-wave ( = 0) interaction results in [39] 
Here, a(k) = − m µ tan δ =0 (k)/k is the 3D energydependent scattering length that is rescaled by the m/µ factor due to our assumption of a pinned scattering center, and C = −ζ H 1 2 , 3 2 − E 2 ω with ζ H being the Hurwitz zeta function.
Higher partial waves can be especially important for long-range interactions at low energies due to the different threshold laws. For p-wave interactions, one obtains the following contribution to the odd phase shift [41] tan
Inclusion of the d-wave in the potential modifies the even part of the scattering as [44] :
Here, a d (k) = m µ tan δ =2 (k)/k is the 3D d-wave scattering length, and C i are again given by Hurwitz zeta functions. Note that in all the above formulas the scattering lengths are calculated at finite k, corresponding to the total energy of the atom including the transverse confinement.
Analytical formulas can be derived for arbitrary partial waves [49] . In general, higher partial waves lead to emergence of additional very narrow resonances. These occur when their respective scattering lengths become comparable with the trap width, similarly to the s-wave case. In the presence of a magnetic Feshbach resonance, all the scattering lengths corresponding to a partial wave can be tuned. The s-wave scattering length in the zero energy limit close to the Feshbach resonance is described by the universal formula [52] a(B) = a bg 1 − ∆ B − B res (9) with ∆ being the resonance width, B res its position and a bg the scattering length away from the resonance. Scattering in higher partial waves depends on the details of the interaction potential. Here, we choose the interaction to have the van der Waals form V (r) = −C 6 /r 6 with characteristic lengthā = 2π(2µC 6 / 2 ) 1/4 /Γ(1/4) 2 , as defined in Ref. [53] , and Γ being the Euler gamma function. This interaction is typical for the scattering of ultracold neutral atoms. We numerically solve the three-dimensional scattering problem with this potential in the presence of a Feshbach resonance and obtain the scattering phase shifts in Eqs. (6)-(8) as a function of the magnetic field. We note that the analytic theory developed by Gao [54, 55] predicts that the p-wave scattering volume diverges, as a function of the magnetic field B, exactly at a(B) = 2ā, and the d-wave scattering length at a(B) =ā. Figure 2 shows the magnetic field dependence of the scattering lengths for an exemplary Feshbach resonance characterized by the width ∆ = 0.1G. The higher partial wave resonances occur exactly where expected.
Having calculated the 3D scattering lengths, we can exploit Eqs. (5)- (8) to compute the transmission coefficient as a function of the magnetic field. The results are presented in Fig. 3 . The insets show the narrow resonances resulting from the contribution of higher partial waves. Away from these resonances, the transmission is well described by the simple model which includes only the s-wave scattering.
III. SENSOR PERFORMANCE
The transmission of the atoms through the waveguides is strongly affected by the proximity of the scattering resonances. This phenomenon was used in Ref. [36] to estimate the value of the magnetic field by exploiting a single waveguide. Below, we investigate the possibility of measuring the strength of the magnetic field and, simultaneously, its spatial gradient utilizing an array of parallel waveguides (see also Fig. 1 ).
To begin with, we will first perform a simple analysis of the precision achievable using an isolated single tube. Then, we describe the multiparameter estimation formalism needed for simultaneous estimation of the field value and of its gradient components. Finally, we apply the formalism to fully characterize the precision of the sensor.
A. Field strength estimation with a single tube
In this scenario, the probability of detecting a transmitted or reflected atom is only sensitive to the strength of the magnetic field, as we do not have sufficient spatial information to make predictions about the gradient. In such a single-parameter estimation problem, the lower bound on the variance of an unknown parameter is provided by the so-called classical Cramér-Rao theorem [56] [57] [58] . Accordingly, the ultimate attainable uncertainty of the estimated field is given by
where N denotes the number of injected atoms into the tube (red wave packets in Fig. 1) . The scaling N −1/2 is a statistical factor coming from the increase of independent resources. The figure of merit of the sensor is given by the Fisher information F [57] that is defined as
Here, p(+1|B) ≡ T (B) is the transmission probability, and p(−1|B) ≡ 1 − T (B) is the probability of reflecting the atom in the collision with the impurity. The precision bound given by Eq. (10) is saturated asymptotically by the maximum likelihood estimator in the limit of a large number of atoms used in the estimation procedure. Fig. 2 assuming d = 20ā and p = 0.01ā −1 (black solid line) and p = 0.001ā −1 (blue dash-dotted line). The narrow resonances caused by higher partial wave scattering are not visible, but are shown in the lower panel for p = 0.01ā −1 . The dashed (black) line gives the s-wave result, while the straight lines include higher partial waves, i.e. p-wave on the left (red solid line) and d-wave on the right (green solid line). A similar behavior occurs for lower values of p.
Expressing the probability distributions in terms of the transmission coefficient, T (B), the Fisher information takes the following form:
The formula (12) implies that the lowest uncertainty is attained when the derivative of the transmission coefficient is the largest. The behaviour of F in the vicinity of T = 0 and T = 1 is determined by the dependence of dT /dB close to these points. The case of the s-wave resonance was analyzed in Ref. [36] . The uncertainty of the magnetic field ∆B in the vicinity of the p-wave confinement-induced resonance as a function of B − B res is displayed in Fig. 4 for d = 20ā and two momenta: p = 0.01ā −1 (dashed black line) and p = 0.001ā −1 (solid blue line). One can notice that the uncertainty for the larger momentum is smaller. This is intuitively explained by the fact the probability of detecting a particle without reflection is increasing with momentum, but it rapidly drops to near zero value at the position of the confinement-induced resonance. The derivative of T (B) is larger if the change in transmission is bigger, which results in higher precision. With the s-wave interactions only, for the chosen parameters the achievable uncertainty is of the order of 10 −3 G [36] , whereas at the p-wave confinement-induced resonance we obtain ∆B 10 −7 G. Such a big increase in precision is related to the fact that the p-wave resonance is much narrower than the s-wave. However, the offset magnetic field has to be precisely controlled to ensure the atoms are close to the resonances in higher-partial waves. The results in Fig. 4 can be still improved by a factor of 1/ √ M N , if M waveguides are used with N atoms per waveguide, as in Fig. 1 . Finally, we note that the above outlined observations and conclusions for the p-wave resonance apply to the d-wave resonance as well.
B. Multiparameter estimation formalism
We describe now the formalism required to perform multiparameter estimation [59] . In our specific estimation problem, the parameters are: the magnetic field strength and the x and y components of its gradient. Our setup, presented in Fig. 1 , consists of M waveguides in which N atoms per waveguide are input. After the collisions, the atoms are detected and recorded as transmitted or reflected in each tube.
To begin with, let us denote the vector containing n unknown parameters to be estimated by γ = (γ 0 , γ 1 , . . . , γ n−1 ). Specifically to our problem, the parameter γ 0 is the strength of the magnetic field at some arbitrary point in space, whereas γ 1 and γ 2 are the x and y components of the field gradient (cf. Fig. 1) ; this is an estimation of n = 3 unknown parameters.
The parameters γ have to be extracted from the measurement record of a certain experimentally accessible observable ξ = (ξ 1 , ξ 2 , . . . , ξ M ). In our setting, ξ denotes a reading of the detectors situated at the end of each of the M waveguides, yielding the number of transmitted atoms. More specifically, if an atom is recorded at the m-th waveguide, the component ξ m of ξ is assigned a prescribed value, taken arbitrarily equal to, say, +1.
After N of such independent experimental runs, a data set ξ N = {ξ (1) , ξ (2) , . . . , ξ (N ) } is obtained, where ξ (i) = (ξ (i) 1 , ξ (i) 2 , . . . , ξ (i) M ) denotes an outcome of the i-th experimental run of the observable ξ. The probability of obtaining ξ (i) in an experimental run is given by p(ξ (i) |γ), i.e., it is conditioned on the actual value, yet unknown, of the parameters to be determined. Thus, the outcomes ξ N of the N runs of the experiment, assuming statistical independence, are governed by a joint probability distribution P (ξ N ) = p(ξ (1) |γ)p(ξ (2) |γ) · · · p(ξ (N ) |γ). Hence, the distribution of the observed outcomes ξ N is governed by the underlying values of the parameters γ, too. The inference about the value of the unknown parameter vector γ is drawn from the data ξ N by means of a certain function Γ of the acquired measurement data. The function Γ(ξ N ) = (Γ 0 (ξ N ), Γ 1 (ξ N ), . . . , Γ n−1 (ξ N )) is generally called the estimator and yields an estimate of the unknown parameters, i.e., it is expected that Γ(ξ N ) ≈ γ.
Since the outcomes of the measurements fluctuate from run to run, the estimation of the unknown parameters is always accompanied by an uncertainty. As an example of an estimator, the maximum likelihood estimator is defined as the value of Γ that maximizes P (ξ N |Γ).
The performance of a multiparameter estimation is conveniently represented by a covariance matrix C, whose matrix elements are given by
Here the average in the first line is taken over the joint distribution P (ξ N ) and the sum over ξ N in the second line is taken over all possible values of the outcomes of ξ N . For an unbiased estimator, the mean value of Γ(ξ N ), taken over the probability distribution P (ξ N ), is equal to the true value of the unknown parameter vector γ. In this case, the covariance matrix C satisfies the inequality
which is known as the Cramér-Rao theorem [57, 59] and it has to be understood in the matrix sense, i.e. C − N −1 F −1 is a positive semi-definite matrix. The inequality (14) provides a (lower) bound for the performance of the multiparameter estimation and it is expressed in terms of the inverse of the Fisher information matrix (FIM) F, whose elements are given by:
The FIM depends only on the probability distribution p(ξ|γ) from which P (ξ N ) is constructed. The information about P is inherited in the statistical prefactor 1/N , which ensures that smaller uncertainties can be attained when larger data sets are used for estimation.
In this work, we quantify the uncertainty ∆γ i of the unknown parameter γ i by the variance of the estimator for each of the corresponding estimated parameters, i.e., (∆γ i ) 2 = [C] i,i . The Cramér-Rao theorem states that such variances are bounded by the inverse of the Fisher information matrix [57] . The bounds, which represent the minimal uncertainty that can be attained in the estimation of the parameters, take the form
These bounds are saturated asymptotically in N , in the limit of very large samples, by the maximum likelihood estimator [57, 59] . Hereafter, we assume that the sample is large enough such that the limit is attained. We note, however, that in practice the estimated uncertainties will be larger than the above outlined bounds. Thus, when we shall calculate the uncertainties ∆γ i , we always refer to the ultimate limit given by the Cramér-Rao bounds (16) . Moreover, as the statistical factor 1/ √ N is always present in these considerations and since it is related to the size of the accumulated data, hereafter we only provide, for the sake of simplicity, the uncertainty rescaled by this factor, that is, [F −1 ] 1/2 i,i . In order to obtain the actual achievable uncertainty, one has to multiply the latter by 1/ √ N .
C. Performance of the magnetic gradiometer
We now proceed with the assessment of the minimal attainable uncertainty in the multiple-waveguides scenario and in the presence of an inhomogeneous field. We assume M tubes at fixed positions and that the magnetic field strength B(r) varies smoothly in space (see also lower panel in Fig. 1 ). Below, we first apply the general estimation formalism we outlined in Sec. III B to our setting and then we illustrate the performance of the proposed sensor by means of a numerical "experiment" by considering a specific waveguide geometry.
In analogy to a single waveguide, we assign to the variable ξ the value +1 if the atom is transmitted through the waveguide and detected with (conditional) probability p(ξ = +1|B) = T (B), and the value ξ = −1 if the atom is reflected after the collision with the impurity. In the latter case, the probability is p(ξ = −1|B) = 1 − T (B). For M waveguides, we define a new random variable ξ = {ξ 1 , . . . , ξ M }. The probability of transmitting or reflecting an atom in each of the waveguides is
Here r i is the position of the impurity in the i-th tube, and B(r i ) is the corresponding magnetic field strength. Then, we expand the field strength up to the first order, i.e. B(r i ) = B 0 + ∇B · r i . Furthermore, we assume that all impurities are distributed on a plane, for which we set z = 0 (see also lower panel of Fig. 1 ). Hence, we have
where B x ≡ ∂B/∂x and B y ≡ ∂B/∂y denote the x and y magnetic field gradient components, respectively, while x i and y i are the corresponding coordinates in the plane. Thus, the parameters that we aim at estimating from the measurement records of the atom transmission and reflection are the magnetic field strength B 0 , and its gradient components B x and B y . In order to apply the general formalism described previously, we rename the three (n = 3) unknown parameters as follows: γ 0 ≡ B 0 , γ 1 ≡ B x , and γ 2 ≡ B y . Because of the additivity of the Fisher information matrix with respect to independent events, the FIM can be rewritten as a sum of Fisher information matrices describing each waveguide separately:
By denoting T i ≡ T (B(r i )) = T (B 0 +B x x i +B y y i ) and its derivative with respect to B by
, the i-th FIM takes the form of a product of a factor depending on the transmission coefficient by a matrix describing the geometry of the problem, i.e., depending only on the positions of the waveguides:
Hence, by performing the sum from Eq. (19) with the above outlined expression for F (i) , we obtain the full Fisher information matrix for M tubes, which, according to Eq. (16), provides us the minimal attainable uncertainty for each of the three unknown parameters B 0 , B x and B y . Let us remark that at least three non planar tubes are necessary in order to obtain a meaningful estimation of the gradient in two spatial directions. Indeed, mathematically, the structure of the matrix F (i) enforces the determinant of F in Eq. (19) to vanish unless M > 2. Moreover, we note that the matrix F is not invertible for M = 3 planar tubes. In order to analyze the performance of the sensor, we consider exemplarily the case of M = 51 × 51 tubes with equal spacing L = 523 nm in each direction (see lower panel in Fig. 1 ). For the sake of numerical simplicity, we assume that the field can change only along the x direction, i.e., B y ≡ 0. Hence, hereafter, B y ceases to be an unknown parameter to be estimated. Notwithstanding, the additional M rows of the tubes array (see lower panel in Fig. 1 ) contribute statistically due to the accumulated data. Hence, in order to determine the minimal uncertainty, expressed by Eq. (16), of the magnetic field strength and its spatial derivative along the x-axis, we can safely neglect in Eq. (20) the third column and the third row.
In Fig. 5 we display the attainable uncertainty ∆B 0 in the estimation of the magnetic field strengh B 0 measured with respect to the resonance position B res . The parameters used in the calculation were ∆ = 0.15G, d = 20ā, a bg = 9.76ā (similar to caesium atoms) and p = 10 −4ā−1 . For such a small momentum the optimal working point is expected near the unit transmission region B ≈ ∆, in contrast to the higher energy case, where the zero transmission region is favorable [36] . As it can be seen from the figure, the uncertainty ∆B 0 depends on both parameters B 0 and B x . For vanishing gradient, the uncertainty changes appreciably around the optimal operating point B 0 ≈ ∆, where ∆ is the resonance width, at which the transmission rapidly approaches unity (see also Fig. 3) . At that point, the attainable uncertainty is on the order of 10 −5 G, which is further enhanced by the statistical factor 1/ √ N related to the number of atoms used in the protocol. For the values of the field B 0 for which the transmission drops off by two orders of magnitude, the uncertainty deteriorates as well and reaches at best the order of 10 −2 G.
On the other hand, for a non-vanishing gradient, the uncertainty ∆B 0 decreases by an order of magnitude, but it is maintained at the level of 10 −4 G for fields around B 0 ≈ ∆ and gradients up to few tens of Gauss per millimetre. Departure from B 0 ≈ ∆ for any value of the gradient leads to the increase of the uncertainty ∆B 0 . In addition to this, as it can be seen from the Fig. 5 (lower  panel) , the precision ∆B 0 exhibits wavy features as a function of B 0 when departing from the region near to B 0 ≈ ∆. Furthermore, the "frequency" of this oscillatory behaviour is decreasing as the gradient increases. This phenomenon can be understood as follows: Let us first suppose that the gradient is zero and the sensor is working around its optimal operating point, namely B 0 ≈ ∆. In this case, all the terms of the sum in Eq. (19) are of the same order and contribute a small uncertainty. However, when the gradient is small but non-zero, the local field at some of the waveguides is far from their optimal points, which decreases some terms in Eq. (19) , and, consequently, the uncertainty of estimation grows. As the field strength B 0 is varied, the local field at some of the waveguides approaches the optimal points, while at other waveguides the local field is away from them. As a consequence, with the change of B 0 , the uncertainty ∆B 0 is in general higher than the one at the optimal point, but it exhibits periodic increases and decreases, i.e. revivals. The same reasoning applies to ∆B x (see Fig. 6 ).
As it can be seen from Figs. 5 and 6, the "period" of such wavy features is larger for larger gradients. This can be understood in the following way: For small gradients, the local field at the waveguides is very close to their optimal points, and thus the period should be small. Instead, for large gradients, the local field is almost in all waveguides away from the optimal point and thus their contribution to the sum in Eq. (19) is small, implying a small uncertainty. Hence, the local field at a small number of waveguides will be near the optimal operating points as the field B 0 is varied, implying a larger period.
Finally, in Fig. 6 , we present the minimal attainable uncertainty ∆B x for the estimation of the magnetic field gradient along the x direction. Similar to ∆B 0 , the optimal operating point is achieved when B 0 ≈ ∆ and B x = 0. However, contrary to the estimation of the field, departure from B x = 0 leads to an increase of the gradient uncertainty. Therefore, in this case, the performance of the sensor is the highest only for small gradients. For the parameters and geometry we have chosen, the uncertainty ∆B x is the smallest and reaches the value 10 −3 G mm −1 for B 0 ≈ ∆ and small gradients. For increasing gradients, the precision deteriorates and for B x ≈ 1G mm −1 it is on the order of a Gauss per mil-limetre. We remind, however, that the uncertainties ∆B 0 or ∆B x presented so far are without the statistical factor 1/ √ N , which is inherent in the statistical post-processing of the data and is related to finite resources used during the estimation procedure. By multiplying those uncertainties with that numerical factor, we can further improve the sensitivity of the proposed sensor. Thus, also for increasing gradients, repeated measurements can improve the performance of the proposed gradiometer also away from the optimal operating point. Finally, similarly to ∆B 0 and for the same reason discussed above, we observe that the precision ∆B x exhibits an oscillatory behaviour as a function of the magnetic field B 0 (see Fig. 6 lower panel). 
IV. SUMMARY AND CONCLUSIONS
We have proposed a new magnetic field sensor scheme utilizing atomic collisions in an array of waveguides. At the input of the device, single atoms are injected into the waveguides, and then collide with the impurities, while the transmitted and reflected atoms are detected at the end of each waveguide. From such a measurement recording, we infer the values of the characteristic properties of the external magnetic field, that is, the strength of the field and its gradient along two directions.
We presented a general theory for the estimation procedure and provided the attainable values of the uncertainties of the field characteristics. In our previous work [36] , we proposed a sensor operating only on a single waveguide and we showed that it is possible to reach an uncertainty of the field strength of the order of nT in a single measurement. Here, we extended the concept and showed that the multi-waveguide configuration of the sensor can be exploited to simultaneously measure magnetic field strength and its gradient with a precision on the order of 1 nT and 100 nT/mm, respectively (again in a single shot).
The achievable precision can be still improved by a number of strategies. First, the simplest way to reduce the uncertainty is by increasing the number of atoms at the input, which improves the statistical scaling of the uncertainty. Second, the possibility to tune the system (e.g., by controlling the frequency of the transverse trap) into the vicinity of the scattering resonances in the higher partial waves can decrease the uncertainty of the magnetic field by a few orders of magnitude. Such an approach, however, is experimentally demanding since the offset field has to be precisely controlled. We note that long-range interactions between atoms and the impurity will also generate additional narrow resonances, which might be employed for metrology leading to a similar sensor's performance as in the case of resonances in higher partial waves. Lastly, the use of initial entangled states can in principle lead to a further decrease of the uncertainty due to quantum correlations in a similar manner as squeezed or GHZ states employed in photonic quantum metrology [23] . For this last strategy, however, one needs to devise experimentally feasible protocols for engineering entangled input states and collective measurements, a path that we shall address in the future.
Our work demonstrates that ultracold atomic collisions are useful for quantum sensing. Since Feshbach resonances can be controlled by many techniques, the device we propose can find various applications in ultracold laboratories, where the magnetic field and its spatial characteristics have to be precisely known, e.g., in quantum simulators based on atoms in optical lattices [60] .
